The problem of interference management is considered in the context of a linear interference network that is subject to long term channel fluctuations due to shadow fading. The slow fading model used is one where communication takes place over blocks of time slots and each link in the network is subject independently to block erasure with probability p. It is assumed that each receiver in the network is interested in one unique message, which is made available at M transmitters. For the case where M = 1, the cell association problem is considered, and for M > 1, the problem of setting up the backhaul links for Coordinated Multi-Point (CoMP) transmission is investigated. In both cases, optimal schemes from a Degrees of Freedom (DoF) viewpoint are analyzed for the setting of no erasures, and new schemes are proposed with better average DoF performance at higher probabilities of erasure. Assuming separate coding over different deep fading erasure blocks, the average per user DoF for M = 1 is characterized for every value of p, and optimal message assignments are identified. For M > 1, it is first established that there is no strategy for assigning messages to transmitters in networks that is optimal for all values of p. The optimal cooperative zero-forcing scheme for M = 2 is then identified, and shown to be information-theoretically optimal when the size of the largest subnetwork that contains no erased links is at most five.
wireless data services. Much of the recent effort on interference management has considered special settings where a fixed model is assumed for the channel connectivity (see e.g., [1] [2] [3] ). However, in practice, wireless network topologies change frequently because of user mobility. Moreover, because of the envisioned development of heterogeneous networks, where client devices may be enabled to serve as infrastructural nodes, network topologies are expected to change even more frequently to exploit opportunities for improved performance.
Our goal in this paper is to start developing an information-theoretic framework for analyzing dynamic interference networks. The task of this envisioned framework is two-fold. First, as the network connectivity is expected to change, the choices made for transmitter (and possibly receiver) selection, fractional reuse, Coordinated Multi-Point (CoMP) transmission and reception, and interference alignment and zero-forcing have to take into account statistical knowledge of these changes. More specifically, these choices can be vastly different from those made for any specific realization of the network. Second, as devices have to learn the topology of the network, there arises a tradeoff between exploring the structure of the network and exploiting current knowledge for efficient transceiver design. Since this is a first attempt, we only focus on the first task and consider the problem of assigning messages to transmitters in order to achieve optimal average performance in a single-hop dynamic linear interference network.
In [4] , the authors analyzed the average capacity for a pointto-point channel model where slow changes in the channel result in varying severity of noise. In this work, we apply a similar concept to interference networks by assuming that slowly changing deep fading conditions result in link erasures. We consider the linear interference network introduced by Wyner [5] , with the consideration of two fading effects. Long-term fluctuations that result in link erasures over a complete block of time slots, and short-term fluctuations that allow us to assume that any specific joint realization for the non-zero channel coefficients, will take place with zero probability. We study the problem of associating receivers with transmitters and setting up the backhaul links for Coordinated 0018-9448 © 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. Fig. 1 . A toy example of two network topologies with an objective of maximizing the average puDoF over both Messages indicated in red are not transmitted. In (a) and (b), a message assignment achieving 1 2 per user DoF for both network topologies is shown. In (c) and (d), the optimal message assignment for the considered toy example, achieving 2 3 per user DoF for the asymmetric linear interference network, and 1 2 per user DoF for the symmetric interference network is shown. In (d), all transmitters are active and asymptotic interference alignment is used to achieve 1 2 per user DoF.
Multi-Point (CoMP) transmission (see e.g. [6] and [7] for a review of CoMP transmission techniques), in order to achieve the optimal average Degrees of Freedom (DoF). This problem was studied in [8] for the case of no erasures. The results in [8] also reveal that optimal transceiver strategies depend intimately on the interference network topology. Therefore, our goal in this work is to leverage these results for static interference networks to dynamic interference networks. We extend the schemes in [8] to consider the occurrence of link erasures, and propose new schemes that lead to achieving better average DoF at high probabilities of erasure. Since this is a first attempt at solving this problem, our focus in this work is on the case where no joint coding is allowed over different deep fading blocks. It is also worth noting that the time scale of slow fading may render an approach that relies on joint coding over blocks impractical due to latency constraints.
A. Toy Example
We use the following toy example to illustrate key factors that motivate the study of new strategies for interference management in dynamic interference networks.
Consider the interference network topologies depicted in Figure 1 , where each transmitter is connected to the receiver labelled with the same index as well as one following receiver. Also, for the networks in Figures 1b and  1d , all transmitters will be connected to preceding receivers. The network in Figure 1a is the linear interference network considered in this work, but with no erasures. The linear interference network is also known as Wyner's asymmetric interference channel, while the network in Figure 1b is known as Wyner's symmetric interference channel [5] . Assume that the i th receiver is interested only in message (word) W i . We further assume that each message can only be available at one transmitter, and we are required to find the message assignment that leads to maximizing the sum DoF, normalized by the number of users as the size of the network goes to infinity and averaged over the two considered network topologies. When a traditional assignment of each message to the transmitter carrying the same index is used, we know that the per user DoF equals 1 2 for both network topologies, and can be achieved by using TDMA through either activating all transmitter-receiver pairs with an odd index or those with an even index. The average per user DoF in this case across both network topologies is thus 1 2 . In [9] , and [10] , the message assignment of Figure 1c was shown to achieve 2 3 per user DoF for the case of Wyner's asymmetric interference channel by activating transmitters {X 1 , X 2 , X 4 , X 5 , . . .} to transmit messages {W 1 , W 3 , W 4 , W 6 , . . .}, with respect to order. It can be shown that the same message assignment can be used with the activation of all nodes in the network and using a simple modification of the asymptotic interference alignment scheme of [11] to achieve 1 2 per user DoF for Wyner's symmetric interference channel. The average per user DoF in this case is 5 6 , which can be shown to be the maximum achievable average per user DoF over both network topologies. It follows that this type of flexible message assignment is better than the traditional assignment. The above mentioned results with both traditional and flexible message assignments are summarized in Table I . We now note from this example that the consideration of network dynamics may lead to different solutions regarding the optimal assignment of messages to transmitters as well as the transmission scheme. While the choices of traditional assignment and TDMA are optimal for the symmetric interference network, both can differ when links can be erased.
B. Related Work
At a fundamental level, the proposed work aims to significantly extend the notion of cognition in wireless networks. The term cognitive has typically been used in literature to refer to a wireless transceiver that is aware of the messages/signals of another user in full or in part [12] , [13] . Our notion of cognition further allows wireless transceivers to be aware of the (changing) topology as well as the channel states of the network containing them.
In [14] and [15] , global knowledge of the network topology and local knowledge of the channel state information is assumed. It is worth noting here that although we assume global knowledge of the channel state information, the coding schemes described in this work make use of only local channel state information. Moreover, the knowledge of the topology is assumed to be available at the wireless transceivers but only statistics of the topology are taken into account when designing the infrastructural backhaul (assigning messages to transmitters).
In practice, the channel coefficients are approximately estimated at the receivers by transmitting known pilot signals, and then they are fed back to the transmitters (see e.g. [16] [17] [18] ). It is a common practice in information theoretic analysis to ignore the overhead of the estimation and communication of channel coefficients, in order to derive insights relevant to the remaining design parameters of the coding scheme; we follow this layered approach in this paper.
It is also worth noting that there are other approaches in the literature to study the impact of uncertainty about the network topology. In [19] , a packet repetition coding scheme is used to exploit past receptions, where collisions occurred, in a two-user interference channel. In [20] , a bursty interference model is assumed in a two-user channel, and the role of feedback is investigated and showed to characterize the capacity region of a symmetric deterministic channel. The model in [20] carries similarity to the studied problem in that the presence of interference is modeled through a Bernoulli random state. However, here we consider large networks and the problem of assigning messages to transmitters to potentially exploit cooperative transmission. Further, differently from the aforementioned works, here we assume erasures to last for the whole considered block of communication. Our capacity criterion is computed over one block, and hence, we eliminate the possibility of making use of feedback or past receptions.
A key achievable scheme in the information theoretic literature of DoF analysis of interference networks with the availability of Channel State Information at the Transmitters (CSIT) is the asymptotic interference alignment scheme introduced in [11] . One major obstacle toward a practical implementation of asymptotic interference alignment is that the achievable DoF is approached only with a very large number of signal dimensions. The feasibility of alignment with finite symbol extension is studied in [21] and [22] . All the presented coding schemes in this work do not require symbol extension.
In [23] , it is shown that for linear interference networks with no erasures, the optimal schemes under the considered maximum number of transmitters per message constraint can be used to achieve the DoF under a more practical constraint that only limits the total backhaul load. The total backhaul load constraint is a constraint on the average transmit set size that allows for assigning some messages to a large number of transmitters at the cost of assigning others to fewer transmitters. In this work, we consider the maximum transmit set size constraint since it simplifies the combinatorial aspect of the problem and this is a first attempt at solving the problem in the dynamic interference network setting.
The DoF analysis of interference networks, where weak interference links are set to zero and the only CSIT available to the transmitters is the given network topology is known in the literature as the Topological Interference Management (TIM) problem. The TIM problem was studied in [24] in detail, where the channel coefficients are assumed to be fixed throughout the duration of communication. Contrarily, in [10] , the TIM problem with time-varying connectivity was analyzed. In [25] , the TIM problem is applied to networks with multiple antennas and introduced as the MIMO TIM problem. It is shown, that no benefit can be obtained from networks equipped with more transmitter than receiver antennas, underlining fundamental limits of MIMO TIM. An application of the TIM problem on two-dimensional topologies is discussed in [26] , where transmitters of a downlink hexagonal cellular network only have information about the network topology, while interference from adjacent cells is considered. It was shown, how the gains of the optimal solution over basic frequency reuse decline when the number of interfering cells was increased. Further, in [27] , necessary and sufficient conditions were characterized for the optimality of orthogonal access schemes for the TIM problem in cellular networks. In [28] , the TIM problem with transmitter cooperation is studied, and in [29] , the utility of using transmitter cooperation while having no CSIT at a subset of the transmitters is investigated. In this work, we assume availability of perfect CSIT when designing the transmission scheme after messages are assigned to transmitters. However, due to the sparse topology of the studied network, the optimal solution we obtain for the cell association problem, where each message can be available at only one transmitter, relies on a Time Division Multiple Access (TDMA) scheme that does not require knowledge of the channel coefficients, and hence, our problem for that particular case is strongly related to previous work on the TIM problem. As shown in Section III, our characterization of the per user DoF for the cell association problem relies on a result in [27] .
C. Contributions
To the best of our knowledge, the considered problem formulation is novel. We believe that this information theoretic framework for studying optimal message assignments and transmission schemes in dynamic interference networks would lead to rigorous and impactful insights for interference management in presence of deep fading conditions or changing environments. The results of the analysis carried out in this work for large dynamic linear interference networks , with separate coding over deep fading blocks, can be summarized as follows:
1) We characterize in Section III the optimal average per user DoF as a function of the erasure probability p, for the cell association problem where each message can be assigned to only one transmitter. On the path to this characterization, we first obtain in Lemma 1 a compact representation of all message assignments that could lead to the optimal solution. We then restrict our attention to orthogonal TDMA schemes, and identify an important property of the TDMA-optimal scheme in Proposition 1. We then characterize the optimal TDMA scheme through Lemmas 2-4 and Theorem 2. Finally, we prove that the optimal scheme is a TDMA scheme in Theorem 1. 2) We study the case when each message can be available at M > 1 transmitters in Section IV. Here, Coordinated
Multi-Point (CoMP) transmission can be exploited for interference cancellation or increasing coverage. We first explain the difficulty of the problem by showing that no message assignment would be optimal for all values of p for any value of the backhaul constraint M . We then restrict our attention to the simplest case when M = 2, and present in Theorem 3 and Theorem 4 strategies based on cooperative zero-forcing transmission schemes that are optimal in the limits p → 0 and p → 1, and characterize the average per user DoF achieved by these competitive schemes at every value of p. We then characterize in Section IV-A the optimal cooperative zero-forcing scheme for any message assignment satisfying the constraint M = 2, in an algorithmic fashion. Finally, we prove in Section IV-B that the optimal cooperative zero-forcing scheme is information-theoretically optimal for a wide class of network realizations, and conjecture that it is indeed optimal for any network realization. 3) In Section V, we numerically compute the average per user DoF for the case when each message can be available at two transmitters (M = 2) that is achievable by cooperative zero-forcing -and conjectured to be information-theoretically optimal -by using the algorithm derived in Section IV-A when simulating a wide range of message assignments for a network consisting of 100 users. The obtained result is compared against the optimal average per user DoF when M = 1 that is characterized in Section III. 4) We demonstrate and discuss in Section VI how the obtained results in this work could be applied to a dynamic cellular network model, that is closer to practice.
II. SYSTEM MODEL AND NOTATION
We use the standard model for the K−user interference channel with single-antenna transmitters and receivers,
where t is the time index, X j (t) is the transmitted signal of transmitter j, Y i (t) is the received signal at receiver i, Z i (t) is the zero mean unit variance Gaussian noise at receiver i, and H i,j (t) is the channel coefficient from transmitter j to receiver i over the time slot t. We remove the time index in the rest of the paper for brevity unless it is needed. We use [K] to denote the set {1, 2, . . . , K}. Finally, for any set A ⊆ [K], we use the abbreviations X A , Y A , and Z A to denote the sets {X i , i ∈ A}, {Y i , i ∈ A}, and {Z i , i ∈ A}, respectively.
A. Channel Model
Each transmitter can only be connected to its corresponding receiver as well as one following receiver, and the last transmitter can only be connected to its corresponding receiver. More precisely,
In order to consider the effect of long-term fluctuations (shadowing), we assume that communication takes place over blocks of time slots, and let p be the probability of block erasure. In each block, we assume that for each j, and each i ∈ {j, j +1}, the channel coefficient H i,j is identically 0 with probability p. Equivalently, H i,j is not identically 0 with probabilityp 1−p. Also, the link erasure events are independent. Moreover, short-term channel fluctuations allow us to assume that in each time slot, all non-zero channel coefficients are drawn independently from a continuous distribution. Finally, we assume that global channel state information is available at all transmitters and receivers.
B. Message Assignment
For each i ∈ [K], let W i be the message intended for receiver i, and T i ⊆ [K] be the transmit set of receiver i, i.e., those transmitters with the knowledge of W i . The transmitters in T i cooperatively transmit the message W i to the receiver i. The messages {W i } are assumed to be independent of each other. The cooperation order M is defined to be the maximum transmit set size:
(3)
C. Message Assignment Strategy
A message assignment strategy is defined by a sequence of transmit sets
We use message assignment strategies to define the transmit sets for a sequence of K−user channels. The k th channel in the sequence has k users, and the transmit sets for this channel are defined as follows. The transmit set of receiver i in the k th channel in the sequence is the transmit set T i,k of the message assignment strategy.
D. Degrees of Freedom
The average power constraint at each transmitter is P . In each block of time slots, the rates R i (P ) are achievable if the decoding error probabilities of all messages can be simultaneously made arbitrarily small as the block length goes to infinity, and this holds for almost all realizations of non-zero channel coefficients with separate coding over different blocks. The sum capacity C Σ (P ) is the maximum value of the sum of the achievable rates. The total number of degrees of freedom (η) is defined as lim sup P →∞ CΣ(P ) log P . For a probability of block erasure p, we let η p be the average value of η over possible choices of non-zero channel coefficients.
For a K-user channel, we define η p (K, M ) as the best achievable η p over all choices of transmit sets satisfying the cooperation order constraint in (3) . In order to simplify our analysis, we define the asymptotic average per user DoF τ p (M ) to measure how η p (K, M ) scale with K,
We call a message assignment strategy optimal for a given erasure probability p, if there exists a sequence of coding schemes achieving τ p (M ) using the transmit sets defined by the message assignment strategy. A message assignment strategy is universally optimal if it is optimal for all values of p. Remark 1. Note that we assume the same block erasure probability for all channel links. It is worth noting that we can relax this assumption to have fixed erasure probability over local neighborhoods whose sizes scale with the size of the network, and the presented asymptotic average per user DoF analysis would still hold.
E. Interference Avoidance Schemes
We pay special attention in this paper to the class of interference avoidance schemes. For these schemes, each message is either not transmitted or allocated one degree of freedom. Accordingly, every receiver is either interference-free or inactive. An interference-free receiver does not observe any interfering signals. For the case of no-cooperation i.e., M = 1, we refer to these schemes as orthogonal TDMA schemes. The case where M ≥ 2 corresponds to the scenario where cooperative zero-forcing can be used.
For a given erasure probability p, let τ (TDMA) p and τ (ZF) p (M ≥ 2) be the average per user DoF under the restriction to orthogonal TDMA schemes, and cooperative zero-forcing transmit beamforming with cooperation order constraint M , respectively.
F. Subnetworks
It will be useful in the rest of the paper to view each realization of the network where some links are erased, as a series of subnetworks that do not interfere. We formally define subnetworks below, but we first need to make the following definitions for a given message assignment and network realization. Definition 1. For a given network realization and message assignment, we say that a message is enabled if there exists a transmitter carrying the message and connected to its destined receiver.
We also need to use the definition of irreducible message assignments that is made in [8] for the case when no links can be erased (see also [3, Chapter 6] ). The definition in [8] can be extended to the considered setting where links can be erased in the given realization, by replacing the condition |x−y| ≤ 1, with the condition that the transmitters with indices x and y have to be connected to at least one common receiver. More precisely, for each user i, we construct a graph G i of |T i | vertices with indices in T i , such that vertices x, y ∈ T i are connected with an edge if transmitters x and y are connected to a common receiver. Further, vertices i and i − 1 are given a special mark if H i,i = 0 and H i,i−1 = 0, respectively. We then have the following definition.
Definition 2.
We say that an assignment of message W i to transmitter x is useful if the vertex x is connected to a marked vertex in the graph G i . Definition 3. We say that a message assignment is irreducible, if for every user i ∈ [K], the graph G i has only one component.
The result in [8, Lemma 2] would then follow. In other words, a message assignment can be reduced if we can remove one or more elements from the transmit set while guranteeing that the sum rate does not decrease due to this change. This is true if a transmitter carrying the message cannot be used either for delivering this message to its destination or for interference cancellation. We say that such assignments of messages to transmitters are not useful. Since in our setting, the message assignment is based on the statistics of the network topology, it is possible that some message assignments can be reduced for a given realization of the topology.
Definition 4.
We say that a message assignment is topology-reduced for a given network realization, if only useful assignments of enabled messages are present, and all other assignments are removed.
It follows from [8, Lemma 2] that topology-reduction of the message assignment cannot decrease the sum rate.
Definition 5. For a given network realization and message assignment, we say that a set of k users with successive indices {i, i + 1, . . . , i + k − 1} form a subnetwork if the following two conditions hold:
1) The first condition is that i = 1, or it is the case that for the topology-reduced version of the message assignment, either W i is not enabled or it is the case that there exists no message W x , x < i that is available at a transmitter connected to receiver i, and W i is not available at a transmitter connected to any receiver with an index x < i. 2) Secondly, i + k − 1 = K or the first condition holds for i + k, i.e., i + k is the first user in a new subnetwork. Definition 6. We say that the subnetwork is atomic if it does not contain smaller subnetworks.
Note that for an atomic subnetwork, the transmitters carrying messages for users in the subnetwork have successive indices and for any transmitter t carrying a message for a user in the subnetwork, and receiver r in the subnetwork such that r ∈ {t, t + 1}, the channel coefficient H r,t = 0 (is not erased).
III. CELL ASSOCIATION
We first consider the case where each receiver can be served by only one transmitter. This reflects the problem of associating mobile users with cells in a cellular downlink scenario. We start by characterizing the possible set of message assignment strategies, and then we show that TDMA schemes are optimal for the considered setting, and finally characterize the optimal TDMA scheme for each value of the block erasure probability p.
For i ∈ [K], let N i be the number of messages available at the i th transmitter, and let N K = (N 1 , N 2 , . . . , N K ). It is clear that the sequence N K can be obtained from the transmit sets T i , i ∈ [K]; it is also true, as stated in the following lemma, that the converse holds. We borrow the notion of irreducible message assignments from [8] . For M = 1, an irreducible message assignment will have each message assigned to one of the two transmitters connected to its designated receiver.
Lemma 1.
For any irreducible message assignment where each message is assigned to exactly one transmitter, i.e.,
, are uniquely characterized by the sequence N K .
Proof: Since each message can only be available at one transmitter, then this transmitter has to be connected to the designated receiver. More precisely,
. . , K}, and T 1 = {1}. It follows that each transmitter carries at most two messages and the first transmitter carries at least the message
. For the remaining case, we know that there
we handle this case in the rest of the proof.
Let x be the smallest index of a transmitter that carries no messages, i.e., x = min{i : N i = 0}. We now show how to reconstruct the transmit sets
It is now clear that the y th transmitter carries messages W y and W y+1 , and each transmitter with an index j ∈ {y + 1, . . . , x − 1} is carrying message W j+1 , and each transmitter with an index j ∈ {1, . . . , y} is carrying message W j . The transmit sets are then determined as follows.
We view the network as a series of subnetworks, where the last transmitter in each subnetwork is either inactive or the last transmitter in the network. If the last transmitter in a subnetwork is inactive, then the transmit sets in the subnetwork are determined in a similar fashion to the transmit sets T i , i ∈ [x], in the above scenario. If the last transmitter in the subnetwork is the K th transmitter, and N K = 1, then each message in this subnetwork is available at the transmitter with the same index.
We use Lemma 1 to describe message assignment strategies for large networks through repeating patterns of short ternary strings. Given a ternary string S = (S 1 , . . . , S n ) of fixed length n such that n i=1 S i = n, we define N K , K ≥ n as follows:
We now evaluate all possible message assignment strategies satisfying the cell association constraint using ternary strings through the above representation. We only restrict our attention to irreducible message assignments, and note that if there are two transmitters with indices i and j such that i < j and each is carrying two messages, then there is a third transmitter with index k such that i < k < j that carries no messages. It follows that any string defining message assignment strategies that satisfy the cell association constraint, has to have one of the following forms:
We now prove that TDMA schemes are optimal for any candidate message assignment strategy. In order to prove an information theoretic upper bound on the per user DoF for each network realization, we use Lemma 4 from [8] , which we restate below. For any set of receiver indices A ⊆ [K], define U A as the set of indices of transmitters that exclusively carry the messages for the receivers in A, and the complement set isŪ A . More precisely,
, a function f 1 , and a function f 2 whose definition does not depend on the transmit power constraint P , and
Theorem 1. For every value of p, there is a TDMA scheme achieving the average per user DoF for the cell association problem. More precisely,
Proof: In order to prove the statement, we need to show that τ p (M = 1) ≤ τ (T DMA) p ; we do so by using Lemma 2 to show that for any irreducible message assignment strategy satisfying the cell association constraint, and any network realization, the asymptotic per user DoF is given by that achieved through the optimal TDMA scheme.
Consider message assignment strategies defined by strings having one of the forms S (1) = (1), S (2) = (2, 1, 1, . . . , 1, 0), and S (3) = (1, 1, . . . , 1, 2, 0). We view each network realization as a series of atomic subnetworks, and show that for each atomic subnetwork, the sum DoF is achieved by the optimal TDMA scheme. For an atomic subnetwork consisting of a number of users n, we note that n+1 2 users are active in the optimal TDMA scheme; we now show in this case using Lemma 2 that the sum DoF for users in the subnetwork is bounded by n+1 2 . Let the users in the atomic subnetwork have the indices {i, i + 1, . . . , i + n − 1}, then we use Lemma 2 with the set A = i + 2j : j ∈ 0, 1, 2, . . . , n−1 2 , except the cases of message assignment strategies defined by strings having one of the forms S (1) = (1) and S (3) = (1, 1, . . . , 1, 2, 0) with an even number of ones, where we use the set A = i + 1 + 2j : j ∈ 0, 1, 2, . . . , n−2
2
. We now note that each transmitter that carries a message for a user in the atomic subnetwork and has an index inŪ A , is connected to a receiver in A, and this receiver is connected to one more transmitter with an index in U A , and hence, the missing transmit signals XŪ A can be recovered from Y A −Z A and X UA . The condition in the statement of Lemma 2 is then satisfied; allowing us to The proof is similar for message assignment strategies defined by strings that have the form S (4) = {1, 1, . . . , 1, 2, 1, 1, . . . , 1, 0}. However, there is a difference in selecting the set A for atomic subnetworks consisting of users with indices {i, i+1, . . . , i+ x, i + x+1, . . ., i+ n− 1}, where 1 ≤ x ≤ n − 2, and messages W i+x and W i+x+1 are both available at transmitter i + x. In this case, we apply Lemma 2 with the set A defined as above, but including indices {i +
It can be seen that the condition in Lemma 2 will be satisfied in this case, and the proved upper bound on the sum DoF for each atomic subnetwork, is achievable through TDMA.
Note that there is similarity between the message assignment strategies described by S (2) and S (3) . In particular, any asymptotic per user DoF achievable through one of these strategies, is also achievable through the other. We hence introduce the three candidate message assignment strategies illustrated in Figure 2 , and characterize the per user DoF achieved through each of them under the restriction to interference avoidance schemes. We will formally show later in Theorem 2 that the optimal message assignment strategy at any value of p is given by one of the three introduced strategies.
We need the following definition of greedy TDMA schemes.
Definition 7.
We say that a TDMA scheme is greedy, if it can be designed by scanning the messages in ascending order of index, and delivering each if it is enabled and can be delivered without causing interference at a previously activated receiver.
We now provide the following result on the optimality of greedy TDMA schemes. Proposition 1. For any realization of the dynamic linear interference network, and any fixed message assignment that respects the cell association constraint M = 1, the DoF-optimal TDMA scheme is greedy.
Proof: We note that any realization of the dynamic linear network with a cell association constraint is convex, according to the definition of convexity in [27] . Further, the definition of greedy TDMA schemes here is the same as that of Left-to-Right orthogonal schemes in [27] . We also note that TDMA schemes do not rely on the availability of the channel state information at the transmitters. The proposition statement hence follows from [27, Theorem 1] .
We now characterize the per user DoF achieved by the optimal TDMA scheme for each of the candidate message assignment strategies. We first consider the message assignment strategy defined by the string having the form S (1) = (1).
Here, each message is available at the transmitter having the same index.
Lemma 3.
Under the restriction to the message assignment strategy
, and orthogonal TDMA schemes, the average per user DoF is given by,
Proof: We will first explain a transmission scheme where . For each user with and odd index i, message W i is transmitted whenever the channel coefficient H i,i = 0; the rate achieved by these users contributes to the average per user DoF by 1 2p . For each user with an even index i, message W i is transmitted whenever the following holds: H i,i = 0, W i−1 does not cause interference at Y i , and the transmission of W i will not disrupt the communication of W i+1 to its designated receiver; we note that this happens if and only if H i,i = 0 and (H i−1,i−1 = 0 or H i,i−1 = 0) and (H i+1,i = 0 or H i+1,i+1 = 0). It follows that the rate achieved by users with even indices contributes to the average per user DoF by
We now show a modification of the above scheme to achieve τ (T DMA),(1) p . As above, users with odd indices have priority, i.e., their messages are delivered whenever their direct links exist, and users with even indices deliver their messages whenever their direct links exist and the channel connectivity allows for avoiding conflict with priority users. However, we make an exception to the priority setting in atomic subnetworks consisting of an odd number of users, and the first and last users have even indices; in these subnetworks, one extra DoF is achieved by allowing users with even indices to have priority and deliver their messages. The resulting extra term in the average per user DoF is calculated as follows. Fixing a user with an even index, the probability that this user is the first user in an atomic subnetwork consisting of an odd number of users in a large network is ∞ i=1 1 −p 2 2 (p) 4i+1 ; for each of these events, the sum DoF is increased by 1, and hence the added term to the average per user DoF is equal to half this value, since every other user has an even index.
It follows from the modification shown above that τ (T DMA),(1) p is the per user DoF achieved by the greedy TDMA scheme. The DoF optimality within the class of TDMA schemes hence follows from Proposition 1.
We will show later that the above scheme is optimal at high erasure probabilities. In [8] , the optimal message assignment for the case of no erasures was characterized. The per user DoF was shown to be 2 3 , and was achieved by deactivating every third transmitter and achieving 1 DoF for each transmitted message. We now consider the extension of this message assignment illustrated in Figure 2b , which will be shown later to be optimal for low erasure probabilities.
Lemma 4.
Under the restriction to the message assignment strategy defined by the string S = (2, 1, 0), and orthogonal TDMA schemes, the average per user DoF is given by,
Proof: For each user with an index i such that (i mod 3 = 0) or (i mod 3 = 1), message W i is transmitted whenever the link between the transmitter carrying W i and the i th receiver is not erased; these users contribute to the average per user DoF by a factor of 2 3p . For each user with an index i such that (i mod 3 = 2), message W i is transmitted through X i−1 whenever the following holds:
these users contribute to the average per user DoF by a factor of 1 3 pp 1 −p 2 . Using the considered message assignment strategy, τ
is the per user DoF achieved by the greedy TDMA scheme, and hence, it follows from Proposition 1 that it is the optimal average per user DoF achievable by TDMA schemes.
We now consider the message assignment strategy illustrated in Figure 2c . We will show later that this strategy is optimal for a middle regime of erasure probabilities.
Lemma 5.
Under the restriction to the message assignment strategy defined by the string S = (1, 2, 1, 0), and orthogonal TDMA schemes, the average per user DoF is given by,
Proof: As in the proof of Lemma 3, we first explain a transmission scheme achieving part of the desired rate, and then modify it to show how the extra term can be achieved. Let each message with an odd index be delivered whenever the link between the transmitter carrying the message and the designated receiver is not erased; these users contribute to the average per user DoF by a factor of 1 2p . For each user with an even index i, if i mod 4 = 2, then W i is transmitted through X i whenever the following holds: H i,i = 0, message W i+1 is not transmitted through X i because H i+1,i = 0, and the transmission of W i will not be disrupted by the communication of W i−1 through X i−1 because either H i,i−1 = 0 or H i−1,i−1 = 0; these users contribute to the average per user DoF by a factor of 1 4 pp 1 −p 2 . For each user with an even index i such that i is a multiple of 4, W i is transmitted through X i−1 whenever H i,i−1 = 0, and the transmission of W i will not disrupt the communication of
these users contribute to the average per user DoF by a factor of 1 4p 1 −p 2 . We now modify the above scheme to show how τ
can be achieved. Since the i th transmitter is inactive for every i that is a multiple of 4, users {i − 3, i − 2, i − 1, i} are separated from the rest of the network for every i that is a multiple of 4, i.e., these users form a subnetwork. We explain the modification for the first four users, and it will be clear how to apply a similar modification for every following set of four users. Consider the event where message W 1 does not cause interference at Y 2 , because either H 1,1 = 0 or H 2,1 = 0, and it is the case that H 2,2 = 0, H 3,2 = 0, H 3,3 = 0, and H 4,3 = 0; this is the event that users {2, 3, 4} form an atomic subnetwork, and it happens with probability 1 −p 2 p 4 . In this case, we let messages W 2 is the optimal achievable average per user DoF under this message assignment strategy and restriction to TDMA schemes.
In Figure 3 , we plot the values of (2) pp , and τ (T DMA), (2) pp , and note that max{τ We now show that under the restriction to TDMA schemes, one of the message assignment strategies illustrated in Lemmas 3, 4, and 5 is optimal at any value of p. Proof: The inner bound follows from Lemmas 3, 4, and 5. In order to prove the converse, we need to consider all irreducible message assignment strategies where each message is assigned to a single transmitter. We know from Lemma 3 that the TDMA average per user DoF achieved through the strategy defined by the string of all ones having the form S (1) = (1) equals τ (T DMA), (1) p , and hence the upper bound holds in this case.
We now show that the TDMA average per user DoF achieved through strategies defined by strings of the form S (2) = (2, 1, . . . , 1, 0) is upper bounded by a convex combination of τ (T DMA), (1) p and τ (T DMA), (2) p , and hence, is upper bounded by max τ
. The considered message assignment strategy splits each network into subnetworks consisting of a transmitter carrying two messages followed by a number of transmitters, each is carrying one message, and the last transmitter in the subnetwork carries no messages. We first consider the case where the number of transmitters carrying single messages is odd. We consider the simple scenario of the message assignment strategy defined by the string (2, 1, 1, 1, 0) , and then the proof will be clear for strategies defined by strings of the form (2, 1, 1, . . . , 1, 0) that have an arbitrary odd number of ones. In this case, it suffices to show that the average per user DoF in the first subnetwork is upper bounded by a convex combination of τ (T DMA),(1) p and τ (T DMA),(2) p . The first subnetwork consists of the first five users; W 1 and W 2 can be transmitted through X 1 . W 3 , W 4 and W 5 can be transmitted through X 2 , X 3 , and X 4 , respectively, and the transmit signal X 5 is inactive.
We now explain the optimal TDMA scheme for the considered subnetwork. We first explain a simple scheme and then modify it to get the optimal scheme. Each of the messages W 1 , W 3 , and W 5 is delivered whenever the direct link between its carrying transmitter and its designated receiver is not erased. Message W 2 is delivered whenever message W 1 is not transmitted, and message W 3 is not causing interference at Y 2 . Message W 4 is transmitted whenever W 5 is not causing interference at Y 4 , and the transmission of W 4 through X 3 will not disrupt the communication of W 3 . We now explain the modification; if there is an atomic subnetwork consisting of users {2, 3, 4}, then we switch the priority setting within this subnetwork, and messages W 2 and W 4 will be delivered instead of message W 3 . The TDMA optimality of this scheme for each realization of the network follows from [ 
. The proof can be generalized to show that the average TDMA per user DoF for message assignment strategies defined by strings of the form S (2) with an odd number of ones n, is upper bounded by n−1 n+2 τ For message assignment strategies defined by a string of the form S (2) with an even number of ones n, it can be shown in a similar fashion as above that the TDMA average per user DoF is upper bounded by n n+2 τ
. Also, for strategies defined by a string of the form S (3) = (1, 1, . . . , 1, 2, 0 ) with a number of ones n, the TDMA average per user DoF is the same as that of a strategy defined by a string of the form S (2) with the same number of ones, and hence, is upper bounded by a convex combination of τ (T DMA),(1) p and τ (T DMA), (2) p . Finally, for strategies defined by a string of the form S (4) = (1, 1, . . . , 1, 2, 1, 1, . . . , 1, 0) with a number of ones n, it can be shown in a similar fashion as above that the average per user DoF is upper bounded by
In Figure 4 , we plot τ p (M = 1) at each value of p. The results of Theorems 1 and 2 imply that the message assignment strategies considered in Lemmas 3, 4, 5 are optimal at high, low, and middle values of the erasure probability p, respectively. We note that in densely connected networks at a low probability of erasure, the interference-aware message assignment strategy in Figure 2b is optimal; through this assignment, the maximum number of interference free communication links can be created for the case of no erasures. On the other hand, the linear nature of the channel connectivity does not affect the choice of optimal message assignment at high probability of erasure. As the effect of interference diminishes at high probability of erasure, assigning each message to a unique transmitter, as in the strategy in Figure 2a , becomes the only criterion of optimality. At middle values of p, the message assignment strategy in Figure 2c is optimal; in this assignment, the network is split into four user subnetworks. In the first subnetwork, the assignment is optimal as the maximum number of interference free communication links can be created for the two events where there is an atomic subnetwork consisting of users {1, 2, 3} or users {2, 3, 4}.
Remark 2. Note that the identified optimal assignment strategies rely on dividing the network into subnetworks whose size is at most four. It hence follows that if the block erasure probability remains fixed over local neighborhoods whose size is significantly greater than four, then the identified strategies could be applied independently to different neighborhoods based on the erasure probability, and the analysis would remain approximately the same.
Remark 3. Note that if joint coding over different deep fading blocks is allowed, then we would have to consider the possibility of delivering an undesired message over a block to cancel the interference caused by this message in another block. We expect such opportunities to add very little to the average per user DoF, as they rely on the occurrence of specific network realizations, for example to take into account the possibility of being able to deliver W 3 to the second receiver, while not being able to deliver W 2 to the same receiver in a given block.
IV. COORDINATED MULTI-POINT TRANSMISSION
We have shown that there is no message assignment strategy for the cell association problem that is optimal for all values of p. We note that this statement is true even for the case where each message can be available at more than one transmitter (M > 1). In other words, there does not exist a universally optimal message assignment strategy for any value of the cooperation constraint M ∈ Z + . This follows as any message assignment strategy that enables the achievability of τ p (M ) at high probabilities of erasure, is not optimal for the case of no erasures, i.e., cannot be used to achieve τ p (M ) for p = 0. For any message assignment strategy, consider the value of lim p→1 τp(M) p and note that this value equals the average number of transmitters in a transmit set that can be connected to the designated receiver. Hence, for the message assignment strategy that is optimal at high erasure probabilities, each message is assigned to the two transmitters that can be connected to its destination. If any message assignment for a K-user channel follows such a strategy, and is irreducible (see Definition 3), then all messages whose indices are in the set {i : i ∈ [K], i = (2M − 1)(j − 1) + M, j ∈ Z + } cannot be available at a transmitter with an index in the set {i : i ∈ [K], i = j(2M −1), j ∈ Z + }. Now, because it follows from [8, Lemma 2] that the optimal message assignment is irreducible, we have that for any such message assignment strategy that is optimal at high erasure probabilities, the per user DoF for the case of no erasures is upper bounded by 2M−2 2M−1 , which is suboptimal. This follows by using Lemma 2 for each K-user channel with the set A defined such that the complement setĀ = {i :
The condition of optimality identified above for message assignment strategies at high probabilities of erasure suggest a new role for cooperation in dynamic interference networks. The availability of a message at more than one transmitter may not only be used to cancel its interference at other receivers, but also to increase the chances of connecting the message to its designated receiver, i.e., to maximize coverage. This new role leads to three effects at high erasure probability. The achieved DoF in the considered linear interference network becomes larger than that of K parallel channels, in particular, lim p→1 τp(M>1) p = 2. Secondly, as the effect of interference diminishes at high probabilities of erasures, all messages can simply be assigned to the two transmitters that may be connected to their designated receiver, and a simple interference avoidance scheme can be used in each network realization, as we show below in the scheme of Theorem 4. It follows that channel state information is no longer needed at transmitters for interference management, and only information about the slow changes in the network topology is needed to achieve the optimal average DoF. Finally, unlike the optimal scheme of [8, Theorem 4] for the case of no erasures, where some transmitters are always inactive, achieving the optimal DoF at high probabilities of erasure requires all transmitters to be used in at least one network realization.
We now restrict our attention to the case where M = 2. Here, each message can be available at two transmitters, and transmitted jointly by both of them. We first study in Theorems 3 and 4 two message assignment strategies that are optimal in the limits of p → 0 and p → 1, respectively, and derive closed form expressions for inner bounds on the average per user DoF τ p (M = 2) based on the considered strategies.
In [8] , the message assignment of Figure 1c was shown to be DoF optimal for the case of no erasures (p = 0). The network is split into subnetworks, each with five consecutive users. The last transmitter of each subnetwork is deactivated to eliminate inter-subnetwork interference. In the first subnetwork, message W 3 is not transmitted, and each other message is received without interference at its designated receiver. Note that the transmit beams for messages W 1 and W 5 contributing to the transmit signals X 2 and X 3 , respectively, are designed to cancel the interference at receivers Y 2 and Y 4 , respectively. An analogous scheme is used in each following subnetwork. The value of τ p (M = 2) is thus 4 5 for the case where p = 0. In order to prove the following result, we extend the message assignment of Figure 1c to consider the possible presence of block erasures. Theorem 3. For M = 2, the following average per user DoF is achievable using a zero-forcing scheme,
where
and lim p→0 τ p (2) = 4 5 .
Proof: We know from [8] that lim p→0 τ p (2) = 4 5 , and hence, it suffices to show that the inner bound in (10) is valid. For each i ∈ [K], message W i is assigned as follows,
otherwise, We illustrate this message assignment in Figure 5b . We note that the transmit signals {X i : i ≡ 0 mod 5} are inactive, and hence, we split the network into five user subnetworks with no interference between successive subnetworks. In Appendix A, we explain the transmission scheme in the first subnetwork and note that a similar scheme applies to each following subnetwork. In the proposed transmission scheme, any receiver is either inactive or receives its desired message without interference, and any transmitter will not transmit more than one message for any network realization. It follows that 1 DoF is achieved for each message that is transmitted. Fig. 5 . The message assignment in (a) is optimal for a linear network with no erasures (p = 0). We extend this message assignment in (b) to consider non-zero erasure probabilities. In both figures, the red dashed boxes correspond to inactive signals.
Although the scheme of Theorem 3 is optimal for the case of no erasures (p = 0), we know from the discussion at the beginning of this section that better schemes exist at high erasure probabilities. Since in each five user subnetwork in the scheme of Theorem 3, only two users have their messages assigned to the two transmitters that can be connected to the destined receiver, and four users have only one of these transmitters carrying their messages, we get the asymptotic limit of 7 5 for the achieved average per user DoF normalized byp as p → 1. This leads us to consider an alternative message assignment where the two transmitters carrying each message i are the two transmitters {i − 1, i} that can be connected to its designated receiver. Such assignment would lead the ratio τp(2) p → 2 as p → 1. In the following theorem, we analyze a transmission scheme based on this assignment. Theorem 4. For M = 2, the following average per user DoF is achievable using a zero-forcing scheme,
and lim p→1 τ p (2) p = 2.
Proof: For any message assignment, no message can be transmitted if the links from both transmitters carrying the message to its designated receiver are absent, and hence, the average DoF achieved for each message is at mostp 2 . It follows that lim p→1
We then need only to prove that the inner bound in (13) is valid, which we show in Appendix B. In the achieving scheme, each message is assigned to the two transmitters that may be connected to its designated receiver, i.e., T i = {i − 1, i}, ∀i ∈ [K]. Also, in each network realization, each transmitter will transmit at most one message and any transmitted message will be received at its designated receiver without interference. It follows that 1 DoF is achieved for any message that is transmitted, and hence, the probability of transmission is the same as the average DoF achieved for each message.
We plot the inner bounds of (10) and (13) in Figure 6 . We note that below a threshold erasure probability p ≈ 0.34, the scheme of Theorem 3 is better, and hence is proposed to be used in this case. For higher probabilities of erasure, the scheme of Theorem 4 should be used. It is worth mentioning that we also studied a scheme based on the message
, that is introduced in [30] . However, we did not include it here as it does not increase the maximum of the bounds derived in (10) and (13) at any value of p. Finally, although the considered channel model allows for using the interference alignment scheme of [11] over multiple channel realizations (symbol extensions), all the proposed schemes require only coding over one channel realization because of the sparsity of the linear network.
A. Optimal Zero-Forcing Scheme With Two Transmitters per Message (M = 2)
We have presented above two schemes that rely on zero-forcing transmit beamforming, and achieve the limits for τ p (2) as p → 0 and p → 1. Here, we present an algorithm that reduces the problem of characterizing τ (ZF) p (2) to that of identifying the optimal message assignment, at every value of p.
We present Algorithm 1 below that takes as input an atomic subnetwork with user indices [N ] = {1, 2, · · · , N}, and outputs the transmit signals {X i , i ∈ [N ]} which employs zero-forcing transmit beamforming to maximize the DoF value for users within the atomic subnetwork. Note that the first receiver can be connected to a transmitter with a preceding index; we let the index of that transmitter be zero. We provide a detailed description of Algorithm 1 in Appendix C. Lemma 6. For any message assignment such that each message is only assigned to two transmitters (M = 2), Algorithm 1 leads to the DoF-optimal zero-forcing transmission scheme for users within the input atomic subnetwork. Define bi,i−2 = bi,i−1 = bi,i = bi,i+1 = 0 3: end for 4: if H1,0 = 0 ∧ 0 ∈ T1 then 5: b1,0 = 1 6: else 7: b1,1 = 1 8: end if 9: if 1 ∈ T2 ∧ b1,1 = 0 then 10: if 0 ∈ T2 ∧ H1,0 = 0 then 11: b2,1 = 1; b2,0 = 1 12: end if 13: else if 0 ∈ T2 ∧ H1,0 = 0 ∧ 2 ∈ T1 then 14: b2,1 = 1, b2,0 = 1, b1,2 = 1, b1,1 = 1 15: else if 2 ∈ T2 then 16: if b1,1 = 0 then 17: b2,2 = 1 18: else if 2 ∈ T1 then 19: b2,2 = 1; b1,2 = 1 20: end if 21: end if 22: for i=3:N do 23: if (i − 1) ∈ Ti ∧ bi−1,i−1 = 0 then 24: if bi−1,i−2 = 0 then 25: bi,i−1 = 1 26 : The optimality of the greedy approach followed by Algorithm 1, and illustrated in Appendix C and Appendix D, simplifies the optimal algorithm in two ways. On one hand, 
Hi+1,i 66: end if 67: end for we can go through the links one by one and check if it is possible to send a message to its desired receiver without interfering with any of the previous active messages. If it is possible, we will always decide to send the message. On the other hand, decisions that we already made do not have to be changed later, because at each step we make sure to avoid conflicts with previously activated messages. We now show that Algorithm 1 can be used to achieve the optimal zero-forcing DoF in a general K-user network.
Theorem 5. Algorithm 1 can be used to achieve the optimal zero-forcing DoF for any message assignment satisfying the cooperation order constraint M = 2, and any realization of a general K-user dynamic linear network.
Proof: Consider any realization of a K-user linear dynamic network. We show below how the network can be partitioned into atomic subnetworks with no inter-subnetwork interference. It then follows by Lemma 6 that Algorithm 1 achieves the optimal zero-forcing DoF in each atomic subnetwork. Further, since there is no interference between the subnetworks, and no transmitter in a subnetwork is connected to a receiver in another subnetwork, it follows that invoking Algorithm 1 for each of the atomic subnetworks in the partition leads to the optimal zero-forcing DoF for the entire network.
We first form a grouping of non-erased channel links, such that each group consists of a maximal set of consecutive non-erased links. More precisely, we scan the links in ascending order of index, and check if they are erased, e.g., we first check H 1,0 , then H 1,1 , then H 2,1 , then H 2,2 , and so on. We start adding links to the first group until we encounter the first erased link, and then start adding following non-erased links to the second group until we encounter an erased link again, and so on.
We then show how to alter the above grouping of links to form atomic subnetworks. For each group of links we do the following. We first scan the receivers connected to any link in the group in ascending order of index. We add the scanned receiver to a subnetwork if the message corresponding to the scanned receiver is available at a transmitter connected to that receiver. Otherwise, we end the current subnetwork, and start a new subnetwork, and resume scanning receivers. Now, we have a partitioning of the network into non-interfering subnetworks. We finally do the following to make sure the subnetworks are atomic. In each subnetwork, we scan the transmitters connected to receivers in the subnetwork in ascending order of index. If the scanned transmitter does not carry a message for a receiver in its subnetwork, then we split the subnetwork at the index of that transmitter. In other words, the two receivers connected to that transmitter will belong to two different subnetworks. We keep repeating the above process of scanning transmitters until we have that in each subnetwork, each transmitter connected to a receiver in the subnetwork is carrying at least one message for a receiver in the subnetwork.
The above process shows how the network can be partitioned into atomic subnetworks. The optimality of Algorithm 1 then follows from Lemma 6 by applying the algorithm for each atomic subnetwork.
B. Information-Theoretic Optimality of Zero-Forcing
In this section, we establish the optimality of Algorithm 1 to characterize τ p (M = 2). Following the same footsteps as the proof of Theorem 5, all we need is to prove that the algorithm leads to the optimal DoF within the input atomic subnetwork.
Lemma 7.
For any message assignment such that each message is only assigned to two transmitters (M = 2), Algorithm 1 leads to the DoF-optimal transmission scheme for users within an input atomic subnetwork whose size N ∈ {1, 2, 3, 4, 5}.
Proof: We have formal proofs for the informationtheoretic optimality of Algorithm 1 for atomic subnetworks that have sizes N ≤ 5. For brevity, we only state here the proof for N = 5, as the proofs with smaller subnetwork sizes are simpler. The proof is based on exploring all possibilities for the message assignment, and establishing the optimality of Algorithm 1 for each by showing that the DoF achieved by the algorithm is optimal. We do so through using Lemma 5 by following the procedure stated in Algorithm 2 to construct the set A of received signals that suffice to reconstruct all received signals in the subnetwork, with an uncertainty that does not increase with the transmit power P . Note that it follows from [8, Lemma 2] that the optimal message assignment is irreducible, and we hence, it suffices to verify the statement of the lemma below for irreducible message assignments.
In Appendix E, we illustrate the steps followed by Algorithm 2 to complete the proof. Note that we say that a transmitter is in the atomic subnetwork if the following conditions are satisfied:
1) The transmitter is connected to a receiver whose index is in the subnetwork. 2) The transmitter is carrying a message whose index is in the subnetwork. Since the considered atomic subnetwork has size N = 5, we know that transmitters with indices in the set {1, 2, 3, 4} are in the subnetwork. We hence consider cases on the membership of transmitters 0 and 5 in Algorithm 2.
Although Lemma 7 applies only to realizations of the dynamic linear network, where the maximum size of an Algorithm 2 Using Lemma 2 to Prove Optimality of Algorithm 1 With Subnetwork Size N = 5 1: for j ∈ {0, 5} do 2: i=j 3: if j=5 then 4: i=i+1 5: end if 6: for n = 0 : 5 do if transmitter j is in the atomic subnetwork and transmitter 5 − j is not then 11: A = φ 12: for k = 4 : 5 do 13: if A = φ and v [3] ∈ T u [9−k] then 14: if v[0] ∈ T u [1] then 15 : [3] then 17 : [1] , v[2]} then 19 : atomic subnetwork is N = 5, it represents an important step towards understanding the optimal message assignment and transmission scheme for CoMP transmission as we note the following.
Remark 4. In order to have an atomic subnetwork whose size N > 5, we have to have at least 10 consecutive channel links that are not erased, which takes place with a probability proportional top 10 . These events are extremely rare for significant erasure probabilities.
Remark 5. We have not found any example of a message assignment satisfying the cooperation order constraint M = 2 and an atomic subnetwork whose size N > 5, where Lemma 2 cannot be used to prove the information-theoretic optimality of Algorithm 1, in a manner similar to the proof of Lemma 7 using Algorithm 2. Hence, we conjecture that Algorithm 1 can in fact be used to characterize τ p (M = 2).
V. SIMULATION
In this section, we investigate through simulations the best average per user DoF achievable through Algorithm 1. We note that if our above conjecture that Lemma 7 extends to atomic subnetworks of arbitrarily large sizes, then what we are characterizing in this section is essentially τ p (M = 2). For a given message assignment and a certain erasure probability p, we compute the average puDoF by simulating 1 a sufficiently large number n of channel realizations. Each link is erased with probability p and the network is partitioned into atomic subnetworks before applying Algorithm 1. The value of the average per user DoF is then computed as the average number of decoded messages divided by the network size K.
To guarantee the validity of the computed value for large networks, we deactivate the last transmitter in the network. Hereby we ensure that for a large network that consists of concatenated subnetworks; each of size K, then the computed average per user DoF value can be achieved in the large network by repeating the scheme for each subnetwork, since there will be no inter-subnetwork interference.
The simulation is done for a set of message assignments with different fractions f (p) of messages that are assigned to one transmitter connected to their desired receiver and another transmitter that can be used to cancel interference, while the remaining fraction of 1 − f (p) of messages are assigned to both transmitters that are connected to their destination. Furthermore, we vary the network size K to consider up to 100 users. More precisely, we use the following assignment strategy.
where we use the notation {1, 2, ..., x} to denote the set [x] when x ≥1 and the empty set when x < 1. We vary the value of f (p) from 0 up to 1 in steps of 1 100 , calculating the average puDoF as a function of p for each of these message assignments.
As a result, the maximum puDoF that is achievable with the set of message assignments described above is shown Fig. 7 . The plot shows the puDoF as a function of the erasure probability p found by applying Algorithm 1 to 6000 randomly generated channel realizations for each value of p ∈ {0, 0.01, 0.02, · · · , 1}. The green and blue curves correspond to the message assignment and transmission strategy presented in Theorems 3 and 4, which were shown to be optimal as p → 0, and p → 1, with respect to order. The red curve is the maximum puDoF that is achievable with the message assignments we considered in our simulation. Figure 7 . Compared to the schemes presented in Theorems 3 and 4, there exist message assignments with a better performance for middle ranges of p. These are presented in Table II . Note that in [1] , it was shown that an assignment with f (p) = 2 5 is optimal for p → 0. Interestingly, we find the assignment presented in Theorem 3 with f (p) = 3 5 (see the green curve in Fig. 7) achieves the same puDoF for p = 0, but performs slightly better on the interval (0, 0.15]. From our results in Table II , we observe that the optimal fraction f (p) decreases monotonically from 3 5 to 0 as p goes from 0 to 1, which has an intuitive explanation as the role of cooperation shifts from interference management, which requires a high value of f (p), to increasing the coverage probability for each message, which requires a low value of f (p), as the erasure probability increases.
In Figure 8 , we plot the value of τ p (M=1) derived in Section III versus the best average puDoF value obtained in this simulation for M = 2. One could observe from the simulation the value of the extra backhaul budget at each value of the erasure probability p. Interestingly, this added value for cooperation is quite significant up to very high values for p. Hence, whether cooperation is useful through interference management or increasing coverage, we observe that it leads to significant scalable degrees of freedom gains even in presence of harsh shadow fading conditions.
VI. DISCUSSION: APPLICATION IN DYNAMIC CELLULAR NETWORKS
We discuss in this section how the presented results can be useful for analyzing -closer to practice -cellular Figure 9 , where every cell is formed by three sectors and each section has one user and one base station. Further, consider a local interference model, where the receivers experience interference due to base stations residing in neighboring sectors of adjacent cells. We assume that no interference occurs between sectors belonging to the same cell, since its interference power would be significantly lower than the interference power from the remaining users located in the sector's line of sight. For further simplification, the cellular model is represented as an undirected connected graph as shown in Figure 10 , where each vertex represents a transmitter-receiver pair and each edge between two vertices Fig. 11 . Division of cellular network into linear subnetworks by deactivating the red nodes. We illustrate through the coloring of remaining nodes into blue and green, and the figure on the right hand side, how we obtain a linear subnetwork for each of the two frequency bands. Note that for one frequency band, the green and blue nodes would represent transmitters and receivers, respectively, and the opposite would hold for the other frequency band. u, v corresponds to a channel existing between the transmitter at u and the receiver at v. Furthermore, intra-cell interference, which is denoted by dotted edges of the graph, is neglected. 2 We consider the case when each link can be erased with probability p in each block of communication, similar to the system model considered in this work. Now, if we deactivate certain nodes, and use two non-overlapping frequency bands for adjacent transmitters (or receivers), then the network decomposes into a set of linear interference subnetworks with no inter-subnetwork interference, as shown in Figure 11 . We can then use the optimal scheme presented in Section III for the case when M = 1 for one frequency band, and use the optimal zero-forcing scheme presented in Section IV for the case when M = 2 for the other frequency band. 3 The achieved average per user DoF can then be given by
, which we plot in Figure 12 . Note that the 2 3 factor appears because 1 3 of the nodes are inactive as shown in Figure 11 . Also, the average backhaul load -or the average number of messages downloaded per transmitter -would be 2 3 1+2 2 = 1. In other words, the average per user DoF shown in Figure 12 can be obtained while having each transmitter downloading, on average, one message from the backhaul.
In Figure 12 , we plot the average per user DoF achievable through the illustrated schemes in this section and Section III for dynamic cellular and linear networks, respectively, when the backhaul allows for associating each transmitter with one message on average. In general, one could extend the analysis of dynamic linear networks that follows the system model presented in this work to dynamic cellular network models, in a similar fashion as shown above.
VII. CONCLUSION
We considered the problem of assigning messages to transmitters in a linear interference network with link erasure events that take place independently with probability p over blocks of time slots, with separate coding over different blocks and a constraint that limits the number of transmitters M at which each message can be available. For the case where M = 1, we identified the optimal message assignment strategies at different values of p, and characterized the average per user DoF τ p (M = 1). For general values of M ≥ 1, we proved that there is no message assignment strategy that is optimal for all values of p. We then introduced message assignment strategies for the case where M = 2, and derived inner bounds on τ p (M = 2) that are asymptotically optimal as p → 0 and as p → 1. Finally, we presented an algorithm for M = 2 that leads to the optimal average per user DoF under restriction to cooperative zero-forcing schemes. Further, we demonstrated the information-theoretic optimality of the presented algorithm for a wide class of network realizations. Simulation results were then used to affirm the intuition about the shifting role of cooperative transmission from interference management at low erasure probabilities to increasing coverage at high erasure probabilities.
APPENDIX A PROOF OF INNER BOUND IN (10)
Using the message assignment illustrated in Figure 5b for the first subnetwork, messages W 1 , W 2 , W 4 , and W 5 are transmitted through X 1 , X 2 , X 3 , and X 4 , respectively, whenever the coefficients H 1,1 = 0, H 2,2 = 0, H 4,3 = 0, and H 5,4 = 0, respectively. Note that the transmit beam for message W 1 contributing to X 2 can be designed to cancel its interference at Y 2 . Similarly, the interference caused by W 5 at Y 4 can be canceled through X 3 . Now, we consider possibilities for sending message W 3 without violating the above four priority links. First, message W 3 can only be delivered through X 3 if it is either the case that one of H 2,2 and H 3,2 is erased, or it is the case that H 1,1 = 0 and all of H 2,1 , H 2,2 , H 3,2 exist. Otherwise, W 2 will be transmitted through X 2 and will cause interference at Y 3 that cannot be eliminated. This event will take place with probability 1 −p 2 + pp 3 . Further, H 3,3 has to exist, which has probabilityp. Also, it is either the case that H 4,3 = 0 so that W 4 cannot be delivered through X 3 and W 3 would not cause interference at Y 4 , or it is the case that H 4,3 = 0, H 4,4 = 0 and H 5,4 = 0, and hence W 3 can be delivered through X 3 and its interference is canceled at Y 4 , and W 4 is delivered through X 4 , while W 5 cannot be delivered through X 4 . The first of these cases takes place with probability p, and the second takes place with probability pp 2 .
Summing up the probabilities of the above transmissions, we get the inner bound in (10) .
APPENDIX B PROOF OF INNER BOUND IN (13)
Using the message assignment T i = {i − 1, i}, ∀i ∈ [K], each message W i such that i ≡ 0 mod 3 is transmitted through X i−1 whenever H i,i−1 = 0, and is transmitted through X i whenever H i,i−1 = 0 and H i,i = 0. It follows that d 0 DoF is achieved for each of these messages, where,
We now consider messages W i such that i ≡ 1 mod 3. Any such message is transmitted through X i−1 whenever H i,i−1 = 0 and H i−1,i−1 = 0. We note that whenever the channel coefficient H i−1,i−1 = 0, message W i cannot be transmitted through X i−1 as the transmission of W i through X i−1 in this case will prevent W i−1 from being transmitted due to either interference at Y i−1 or sharing the transmitter X i−1 . It follows that d (1) 1 = pp DoF is achieved for transmission of W i through X i−1 . Also, message W i is transmitted through X i whenever it is not transmitted through X i−1 and H i,i = 0 and either H i,i−1 = 0 or message W i−1 is transmitted through X i−2 . More precisely, W i is transmitted through X i whenever all the following is true: H i,i = 0, and either H i,i−1 = 0 or it is the case that H i,i−1 = 0 and H i−1,i−1 = 0 and H i−1,i−2 = 0. It follows that d (2) 1 = pp+p 4 is achieved for transmission of W i through X i , and hence, d 1 DoF is achieved for each message W i such that i ≡ 1 mod 3, where,
We now consider messages W i such that i ≡ 2 mod 3. Any such message is transmitted through X i−1 whenever all the following is true:
The first condition is satisfied with probabilityp. In order to compute the probability of satisfying the second condition, we note that W i−1 is not transmitted for the case when H i−1,i−1 = 0 only if W i−2 is transmitted through X i−2 and causing interference at Y i−1 , i.e., only if H i−2,i−3 = 0 and H i−2,i−2 = 0 and H i−1,i−2 = 0. It follows that the second condition is satisfied with probability p + pp 3 . The third condition is not satisfied only if H i,i = 0 and H i+1,i = 0, and hence, will be satisfied with probability at least 1 −p 2 . Moreover, even if H i,i = 0 and H i+1,i = 0, the third condition can be satisfied if message W i+1 can be transmitted through X i+1 without causing interference at Y i+2 , i.e., if H i+1,i+1 = 0 and H i+2,i+1 = 0. It follows that the third condition will be satisfied with probability 1 −p 2 + pp 3 , and d (1) 2 DoF is achieved by transmission of W i through X i−1 , where, d
Message W i such that i ≡ 2 mod 3 is transmitted through X i whenever H i,i = 0, and H i+1,i = 0, and either H i,i−1 = 0 or W i−1 is transmitted through X i−2 . It follows that d
and hence,
2 DoF is achieved for each message W i such that i ≡ 2 mod 3. We finally get,
which is the same inequality as in (13) .
APPENDIX C DESCRIPTION OF ALGORITHM 1
We define a set of binary variables b i,j , j ∈ {i − 2, i−1, i, i+1} for each message W i , and initialize them to zero. For each message, we determine the conditions under which the message can be sent and decoded at its desired receiver, such that no interference occurs, in a successive order starting from W 1 to W N . For each decision to transmit a message W i from transmitter j, the corresponding variable b i,j is set to one.
In Algorithm 1, two cases are considered for sending message W i to its destination by using either transmitter i or i − 1. In the following, we discuss and justify the optimal choices in both cases. Due to their position at the beginning of the atomic subnetwork, the first two users represent a special case and thus are considered separately in lines 4 − 21.
Case 1: Starting at line 23 of the algorithm, we examine the conditions for sending W i from transmitter i − 1. Clearly this is only possible if W i is available at transmitter i − 1. i.e. (i − 1) ∈ T i . We first restrict our attention to the case when transmitter i − 1 does not send W i−1 . i.e., b i−1,i−1 = 0. To ensure that transmitter i − 1 does not cause interference at receiver i − 1, we have to consider the possibility when receiver i−1 is not able to decode its desired message anyway, i.e. W i−1 is not sent from transmitter i − 2. If these above conditions are satisfied, then we set b i,i−1 = 1. Further, starting at line 26, we consider the scenario where W i would cause interference at receiver i−1, but this interference can be canceled by transmitting W i from transmitter i−2. In this case, we have to make sure that W i is available at transmitter i − 2, i.e., (i − 2) ∈ T i . Also, we have to ensure that transmitting W i from transmitter i − 2 would not cause interference at receiver i − 2. This would happen when W i−2 is not being delivered, i.e., b i−2,i−2 = 0 and b i−2,i−3 = 0. The last scenario starts at line 29 and considers the case when both W i and W i−1 can be delivered through X i−1 , while making sure that the interference they cause at receivers i − 1 and i, respectively, is canceled. In this last case, W i is transmitted from transmitters i − 2 and i − 1 and W i−1 is transmitted from transmitters i and i + 1. Note that for any irreducible message assignment, W i can be available at transmitter i − 2 only if it is available at transmitter i − 1; this is why we do not check for (i − 1) ∈ T i at line 29.
Case 2: In the second case, message W i is sent from transmitter i (lines 32-37). The trivial conditions for achieving this are that message W i is available at transmitter i, and W i is not being delivered through transmitter i − 1. Here, we also have to ensure that receiver i can decode message W i without any interference. That is, if transmitter i − 1 is not active. Hence, we set b i,i to 1 if the above conditions are satisfied. Further, there is one more case where the interference from transmitter i − 1 can be canceled whenever message W i−1 is available at transmitter i and receiver i only experiences interference by W i−1 . Consequently, both b i,i and b i−1,i are set to 1 in this last case.
APPENDIX D PROOF OF LEMMA 6
We consider Algorithm 1 the messages in ascending order from W 1 to W N , and check which transmitter can deliver message W i such that it can be decoded at its desired receiver without interfering at any previous receiver that has so far been interference-free. If this is true, the message is transmitted. Also, if this is possible through any of the transmitters i and i − 1, then there is priority to transmit W i from transmitter i − 1. In the following, we prove by induction that this procedure leads to the optimal transmission scheme. We first consider the base case, i.e., we prove that transmitting W 1 from transmitter 0 is always optimal if it is available and the link H 1,0 = 0. Otherwise, transmitting W 1 from transmitter 1 would be optimal.
Consider the feasible set Ω {H i,j : i ∈ [N ], j ∈ T i , H i,j = 0} that denotes the subset of all links H i,j through which a message W i can be sent and decoded at its desired receiver. Assume an arbitrary set of links S ⊂ Ω\H 1,0 , such that all links in S can be used simultaneously to deliver messages to their desired receivers while eliminating interference. If H 1,0 ∈ Ω, we now show that we can either add H 1,0 to S, or replace the first link in S by H 1,0 and illustrate how this replacement does not lead to a decrease in the DoF. First note that if H 1,0 ∈ Ω, then no receiver in the atomic subnetwork would observe interference due to transmitting W 1 from transmitter 0, since transmitter 0 is only connected to receiver 1. Further, if H 2,1 is the first link in S, then we replace it by H 1,0 and the sum DoF in the atomic subnetwork would remain the same by delivering W 1 instead of W 2 .
For the case when H 1,0 / ∈ Ω, we apply the same technique as in the previous case by substituting H 1,0 with H 1,1 . Again, the replacement of the first link in S by H 1,1 would not decrease the DoF due to the fact that sending W 1 from the first transmitter only causes interference at the second receiver, and since H 2,j , j ∈ {1, 2} is either not in S or it is the first link in S that is replaced by H 1,1 , the transmission of W 1 from transmitter 1 would not necessitate a decrease in the number of links in S. Finally, when it is possible to deliver W 1 through either transmitter 0 or transmitter 1, then choosing transmitter 0 can only reduce the interference caused by W 1 at subsequent receivers. Hence, it is always optimal to transmit W 1 from the first transmitter in its transmit set T 1 as long as the corresponding link exists.
Next, we extend the proof to all users by induction. The induction hypothesis in the i th step is as follows. We assume that transmission decisions for messages {W k : k < i} have been taken optimally to maximize the sum DoF. Let S 1 ⊂ Ω be the set of links H k,l , through which a subset of the messages {W k , k < i} can be delivered simultaneously to their destinations, while eliminating interference. Assume that all links in S 1 are chosen optimally, i.e. the number of delivered messages cannot be increased by changing any of these links.
Then, we do the induction step. Let S 2 ⊂ Ω be any set of links H k,l , through which a subset of the messages {W k , k > i} can be transmitted simultaneously such that they can be decoded at their destinations. Also, the links in S 2 are chosen optimally to maximize the number of delivered messages. If it is possible to send W i through H i,i−1 without causing a conflict with any of the messages, that are sent through the links in S 1 , the same logic applies to H i,i−1 as to H 1,0 in the base case. More precisely, if the transmission of W i through H i,i−1 does not cause interference at any previous receiver, that has so far been interference-free, and it can be decoded at receiver i while eliminating interference due to any message with a preceding index, H i,i−1 can be either added to S 2 or replace the first link in S 2 , in order to obtain an optimal set of links for the transmission of the messages {W k , k ≥ i}. This is possible since again, the transmission of W i through H i,i−1 does not cause interference at any receiver with an index k > i, and any of the links {H i+1,k , k ∈ {i, i + 1}} is either not in S 2 or it is the link that is replaced by H i,i−1 . If it is not possible to send W i through H i,i−1 without causing a conflict with any of the messages that are sent through the links in S 1 , but it is possible to do so through H i,i , then again the same argument applies for adding H i,i to S 2 . Further, we note that the preference to send W i through H i,i−1 is optimal, since H i,i−1 may only cause a conflict with H i+1,i in S 2 , while H i,i may cause a conflict with any of H i+1,i and H i+1,i+1 . Therefore, as long as the aforementioned preference rule is applied, sending a message W i through a link H i,j is always optimal as long as it is possible to decode W i at receiver i without causing interference at a previous receiver that has so far been interferece-free.
We have hence shown that the greedy approach followed by Algorithm 1 to first explore all possibilities to deliver W i through H i,i−1 , and if not possible, investigate all possibilities to deliver it through H i,i , without interfering with any delivered message with a preceding index, is DoF-optimal within the input atomic subnetwork under restriction to zero-forcing schemes.
APPENDIX E DESCRIPTION OF ALGORITHM 2
The case where transmitter 0 belongs to the subnetwork and transmitter 5 does not is considered at the start of the algorithm, i.e., j = 0. Note that Algorithm 1 can always lead to achieving 3 DoF in this case, since W 5 can be delivered through X 4 , and W 1 and W 2 can be delivered simultaneously while eliminating interference. First consider the case when W 5 is not available at transmitter 3:
1) If it is also the case that W 1 is not available at transmitter 0, then we can reconstruct all transmit signals from Y 2 , Y 3 and Y 4 as stated in line 15 of the algorithm when k = 4. This is because for any reliable communication scheme, we can reconstruct W 2 , W 3 and W 4 from these received signals, and hence reconstruct X 0 and X 3 from the considered conditions on the message assignment.
Following the linear connectivity of the network, we can then reconstruct X 4 , X 2 and X 1 from Y 4 , Y 3 and Y 2 , with respect to order. 2) The second case is when W 3 is not available at transmitter 3, then we apply Lemma 2 with the set A = {1, 2, 4} as in line 17 of the algorithm when k = 4. Since both W 3 and W 5 do not contribute to X 3 , we can reconstruct this transmit signal. We can then reconstruct X 4 from Y 4 . Further, since transmitter 0 can only have W 1 and W 2 as we can restrict our attention to irreducible message assignments, we can hence reconstruct X 0 . Following the connectivity of the network, we can then reconstruct X 1 and X 2 from Y 1 and Y 2 , respectively.
3) The third case is when W 2 is available at transmitters 1 and 2. In this case, we apply Lemma 2 with the set A = {1, 3, 4} as in line 19 of Algorithm 2 when k = 4. X 0 can be reconstructed since we know W 1 and W 2 is not available at transmitter 0. Also, X 1 can then be reconstructed from Y 1 . Since W 2 is not available at transmitters 3, 4, we can reconstruct X 3 and X 4 as well.
Finally, X 2 can be reconstructed from Y 3 . 4) The final case is when none of the above three cases applies. In this case, Lemma 2 applies with the set A = {1, 2, 4, 5} per line 21 of the algorithm. The upper bound proof here is the same as the case where no erasures occur [3, Chapter 6] . Algorithm 1 leads to achieving 4 DoF within the input subnetwork in this case as follows. Since the first case above does not apply, then W 1 can be delivered through X 0 . Since the second case above does not apply, then W 3 can be delivered through X 3 . Also, since transmitter 5 is not in the subnetwork, and W 5 is not available at transmitter 3, then it has to be the case that W 5 is available at transmitter 4, and can be delivered through X 4 . Finally, since the second case above does not apply, then it is either the case that T 2 = {0, 1} and in this case W 2 is delivered through X 1 and its interference at Y 1 is canceled through X 0 , or it is the case that T 2 = {2, 3}, and in this case W 2 is delivered through X 2 and its interference at Y 3 is canceled through X 3 .
Note that the justification for the case when W 5 is available at transmitter 3, but W 4 is not, which is investigated in lines 14 − 22 of Algorithm 2 when k = 5, is identical to the above case when W 5 is not available at transmitter 3, but with switching the receiver and message indices 4 and 5.
Further, the justification for the case when transmitter 5 is in the subnetwork, but transmitter 0 is not, which is investigated in lines 11 − 28 of Algorithm 2 when j = 5, is identical to that when transmitter 0 is in the subnetwork, but transmitter 5 is not, but with switching transmitter indices i and 5 − i and switching receiver indices i and 6 − i for i ∈ {1, 2, 3, 4, 5}.
In other words, we view the subnetwork in this case as a mirrored version of the first case (upside down) and apply the same logic. It hence remains to check the cases when transmitters 0 and 5 are either both in the subnetwork or both not in it. If both are in the subnetwork, then we apply Lemma 2 with A = {1, 2, 4, 5} and the proof is the same as for the case of no erasures. Further, Algorithm 1 in this case can be used to achieve 4 DoF, as it is always possible to deliver W 1 , W 2 , W 4 and W 5 with no interference. The final scenario is considered starting at line 34 of Algorithm 2, when both transmitters 0 and 5 are not in the subnetwork. Here also, Algorithm 1 leads to achieving 3 DoF within the input subnetwork, by delivering W 1 through X 1 and delivering W 5 through X 4 , and delivering W 3 through either X 2 or X 3 . We have the following cases for the converse proof in this scenario.
1) The first case is when W 1 is not available at transmitter 2, then we apply Lemma 2 with the set A = {2, 3, 4} as in line 35 of Algorithm 2. X 2 can be reconstructed, since W 1 and W 5 do not contribute to it. Further, the linear connectivity implies that we can reconstruct X 1 , X 3 and X 4 from Y 2 , Y 3 and Y 4 , respectively. 2) The second case is when W 2 is not available at transmitter 2, then we apply Lemma 2 with the set A = {1, 3, 4}. In this case, X 2 can be reconstructed, since W 2 and W 5 do not contribute to it. Further, X 1 , X 3 and X 4 can be reconstructed from Y 1 , Y 3 and Y 4 , respectively. The proof for the next two cases when W 3 is not available at transmitters 5 and 4, is identical to the above two cases, with respect to order, but with switching transmitter indices i and 5 − i and receiver and message indices i and 6 − i for i ∈ {1, 2, 3, 4}. The remaining final case considered at line 43 of Algorithm 2, is when transmitter 2 has both W 1 and W 2 , and transmitter 3 has both W 4 and W 5 . In this case, Algorithm 1 delivers W 1 through X 1 , and its interference at Y 2 is canceled through X 2 . Also, W 2 is delivered through X 2 . Further, W 5 is delivered through X 4 , and its interference at Y 4 is canceled through X 3 . Finally, W 4 is delivered through X 3 . The converse argument in this last case is the same as in the no erasure case.
